We find the origin of logarithmic correction to the absorption cross section by studying the spin-dependent wave equation in three-dimensional anti-de Sitter space(AdS 3 ). It turns out that all test fields(ψ ν=1 ) coupled to (1,1), (2,0), (0,2) operator on the boundary at infinity receive logarithmic corrections. These are a minimally coupled scalar and gauge bosons. It turns out that these corrections arise from a singular structure of AdS 3 wave equation at infinity and horizon. On the other hand, test fields(ψ ν=2,3 ) which include the intermediate scalars(η, ξ) and fixed scalar(λ) do not receive any logarithmic correction in the first-order approximation.
I. INTRODUCTION
Recently there has been great progress in studying the black hole physics using string theory and conformal field theory(CFT) [1] [2] [3] . A 5D black hole (D1-D5 brane black hole) contains the BTZ black hole in the near-horizon and thus it is very important to study the BTZ black hole(AdS 3 ) [4, 5] . Further the AdS/CFT correspondence plays a crucial role in calculating the entropy and greybody factor(absorption cross section). Actually, a 5D black hole (M 5 ) is related to two-dimensional gauge theory (dual CFT 2 ) on its remote boundary.
On the other hand, one found the logarithmic corrections to the absorption cross section of minimal scalars for the near-horizon AdS 5 ×S 5 [6] and the near-horizon AdS 3 ×S 3 [7] .
These logarithmic term encode the leading order departures from the conformal limit. These breakdowns can be interpreted in terms of the effective world sheet(world volume) action such that non-renormalizable interactions enter the action at subleading order. However, the brane (D3-brane, D1-D5 brane) geometries are only AdS out to the characteristic radius R.
In this paper, we wish to find the origin of logarithmic correction. First, we replace the near-horizon AdS 3 by AdS 3 as whole [8] . This means that our AdS 3 geometry is an infinitely long throat without asymptotically flat space. And then we study all test fields which couple to operators with h R = h R on the boundary at infinity. In the limit of R → ∞, this picture may come out of the near-horizon AdS 3 . We calculate the absorption cross section of these fields in the low temperature limit. Further, using this picture, one clearly understands the nature of logarithmic correction to the cross section. In the near-horizon AdS 3 , one needs a self-dual point (precisely, the effective radius(R) of the near-horizon AdS 3 ) to calculate the greybody factor. Here we don't need such a self-dual point, as is needed just in the near-horizon AdS 3 approach. Instead, we introduce a spin-dependent dual point(Y ) for calculation.
The organization of our paper is as follows. In Sec. II we derive the spin-dependent wave equation on AdS 3 from the AdS/CFT correspondence. And then we calculate the zerothorder absorption cross section in the low-temperature limit. We compute the first-order correction to the cross section in Sec. III. In Sec. IV, the origin of logarithmic correction in the AdS 3 -wave function is clarified. Finally we discuss our result in Sec. V.
II. ZEROTH-ORDER MATCHING
We start from the equation of motion of the field with mass m and spin s in the global
with
and s = h R − h L . Eq.(1) comes from the correspondence between states in AdS and in CFT.
In other words, the AdS/CFT correspondence determines the mass and spin on AdS 3 in terms of the conformal weights (h R , h L ) on the boundary. Although CFT is well defined on the cylindrical boundary expressed in terms of the global coordinates (ρ, τ, φ), it is important to find a map between the string Hilbert space in AdS and operators of CFT on the plane.
For this purpose, we introduce the Poincaré coordinates(y, t, x)
x = y sinh ρ sin φ.
The above corresponds to a map from the cylinder to the plane on the boundary. On the boundary of y = 0, this change leads to ω ± ≡ x ± t = ± tan τ ±φ 2
. In terms of these, the three dimensional metric takes a simple form of AdS 3
However, the equation of motion becomes [10] 
This is our key equation for studying the absorption cross section for test fields with the non-zero spin. In the case of s = 0, Eq. (5) can be derived from the action on AdS 3 as
In order to have the spin-dependent term, one has to consider the AdS 3 /CFT 2 correspondence as in Eq.(1).
Let us consider the limiting behavior of the spin-dependent term. In the limit y → ∞, one can approximate this term to 4s 2 /y 2 regardless of x and t. However in the limit y → 0, we cannot neglect t and x dependence in the denominator, so we will approximate this term 4s 2 y 2 /R ′4 , where R ′ can be considered as the (compactification) scale along the x-direction.
For a 5D black hole, we have a compactified scale for x, but for 6D black string, one has an uncompactified scale [11] . Keeping this in mind, we consider a plane wave solution ψ(y, t, x) = e −iωt+ipx ψ(y). The equation of motion (5) leads to
The spacetime is divided into near and far regions defined by y ≪ Y and y ≫ Y , where Y is some scale to be determined later. For simplicity we set p = 0. We also consider the low energy scattering and so assume ωY < 1.
In the far region y > Y , we choose a reciprocal variable z = 2s/y in terms of which the wave function ψ(y) = φ(z)/z satisfies
where
Here we consider only an integer ν > 0. The ν = 0 case corresponds to the tachyon, which is out of the scope of this paper. The leading order solution of this equation is
where we choose the solution to be purely infalling at the horizon(y → ∞). We regard the right hand side as a small perturbation in the far region. In the near region y < Y , assuming
we introduce a new variable σ = ωy and ψ(y) = σf (σ). Then the equation of motion becomes
For small σ, the right hand side is negligible and the leading order solution is given by the Bessel functions
where the first term corresponds to normalizable mode, whereas the second to nonnormalizable mode for ν > 1. The normalizable mode is compatible with Dirichlet boundary condition at σ = 0, but the non-normalizable mode is not.
As in the case of D-branes for a minimally coupled scalar [6, 7] , we can introduce a dual point(Y ) for calculation. Y is determined by ωY = 2s/Y , i.e. Y = 2s/ω. One finds Y > 1, ωY < 1 when ω < 1. This depends on the spin. Matching the amplitude of ψ to
one finds with β = 0 that
Now we consider the scattering process. The asymptotic form of the infalling wavefunction at infinity(y → 0) is
This implies the ingoing flux, defined by
is given by
Since the ingoing part of the wavefunction at horizon (y → ∞) is given by
the ingoing flux at horizon is takes the form
Taking the ratio of the flux across the horizon to the ingoing flux at infinity, we get the absorption probability
The absorption cross section is given by σ abs = A/ω in three dimensions. Inserting α for ν = 1, 2, 3, we have
Note that the Poincaré coordinates (y, t, x) are dimensionless. By switching on R we can recover the correct scale for cross section as
The power of R is in parallel with s .
We can compare our results with those in the literature. The general formula for greybody factor is given by up to the constant factor
and Γ is the gamma function. Here C is 2(h R + h L − 1) 2 in the effective string method by
Gubser [12] and in the boundary CFT approach by Teo [13] .
in the AdS 3 -bulk calculation by Lee and Myung [10] and
in the bulk-boundary calculation by Müller-Kirstern, et al. [14] . All these calculations are valid for h L = h R . Gubser's calculation can be extended to accommodate the non-zero 
Before we proceed, we note that σ
is derived from the BTZ coordinates (r, t, x 5 ). And (22) is calculated in the Poincaré coordinates (y, t, x). Hence, to compare our result of (22) with (25), one has to take the low temperature limit. Taking this limit (T L,R ≪ ω), then one finds from (25)
which agrees with the leading term of (22) 
and similar one for (1, 2) by exchanging T L and T R . In the low temperature limit, one finds σ 2,1 abs ∝ ω 3 . We note that in this limit, the effective string calculation agrees with the semiclassical result for (η, ξ) [15] . Also this agrees with (22) for ν = 2. It is straightforward to show that the ν = 3 case in (22) agrees in the low temperature limit of σ 3,1 abs and σ
1,3
abs [16] . The above confirms that our result (22) is correct in the low temperature limit.
III. FIRST-ORDER MATCHING
As one would expect, the dominant corrections to the absorption cross section arise from the matching at the dual point y = Y = 2s/ω. We will follow the approach of [6, 7] to look for the field solution as power series in ω and s. In the region y ≪ Y right hand side of (11) is considered as a small correction to the zeroth-order solution. However as we approach the dual point y = Y , this term acts as correction to the zeroth-order solution of the same order. In the far region y < Y , we look for a perturbative solution f ν (σ) = f
where the zeroth-order solution is
and f 1 ν satisfies the inhomogeneous equation
Solving this second-order equation for f 1 , we have
There is ambiguity in f 1 ν (σ) in the sense that one can add to it any solution of the homogeneous equation. We can fix this ambiguity by demanding that the solutions of the inner and outer regions match to order of ωs (or ωs ln(ωs) for ν = 1 case) in the transition region.
When we follow the same procedure for y > Y , we determine the ambiguity by imposing the boundary condition that all flux at the horizon is infalling. Substituting the form of f 0 ν (σ) and retaining the leading terms in ωs (ωs ln(ωs)), we find that the first-order solution in
We repeat the same procedure in the near region y > Y to find that the first-order solution in the transition region ψ = φ(z)/z = (φ 0 (z) + φ 1 (z))/z is given by
Now we compare these two solutions at the dual point y = Y . Since ωs is much smaller than one, both σ and z are also small in the matching region σ = z = √ 2ωs, and our perturbative expansion is valid. The mismatch between these two solutions requires that one take
This implies that the absorption cross sections behave as
in the low temperature limit.
IV. ORIGIN OF LOGARITHMIC CORRECTION
From ν = h R + h L − 1, the ν = 1 case contains a minimally coupled scalar which couples to (1,1) operator, and gauge bosons to (2,0) and (0,2) operators [5] . The ν = 2 case involves a new field to (3/2, 3/2) operator, and two intermediate scalars (η, ξ) to (2,1), (1,2) operators [15] . The ν = 3 accommodates the dilaton (fixed scalar ν) to (2,2), and the fixed scalar λ to (2,2), (3,1), and (1,3) operators [16] . Taylor-Robinson showed that a minimally coupled scalar receives logarithmic corrections in the cross section by semi-classical calculation, effective string approach, and AdS 3 /CFT correspondence [7] . Her geometry corresponds to the near-horizon AdS 3 ×S 3 but with asymptotically flat space. Hence she needs a self-dual point which is the radius(R) of the near-horizon AdS 3 for matching procedure. Here the self-dual point plays a role of the transition point from AdS 3 (near-horizon) to Minkowski space (asymptotically flat space). We remind the reader that our geometry is totally AdS 3 .
Thus we don't need to introduce such a self-dual point that exactly plays the same role of R.
Instead, we introduce a spin-dependent dual point (Y = 2s ω ) for computation. Improved matching in AdS 3 for gauge bosons leads to a logarithmic correction to the absorption cross section. On the other hand, the ν = 2, 3 cases with the non-zero spin do not contain any logarithmic correction in the first-order approximation.
As a result, it suggests that the logarithmic correction is based on the nature of the wave equation with ν = 1 (∇ 2 ψ ν=1 = 0) in AdS 3 [17] . The general solution to Eq. (8) is given by ψ(y) = ωyf ν (ωy), where f ν (ωy) is given by Eq. (12) . Its series expansion for integral ν is given by [18] 
The above series solution implies that AdS 3 is a non-trivial background space-time. Choosing the Poincaré coordinates leads to a way that the symmetry near y = 0 is exhibited most explicitly. As is shown in Eq.(35), the solution for a minimally coupled scalar(ν = 1, s = 0) takes the asymptotic form
where α ′ = ω 2 α/2 and β ′ = −2β/π. In the zeroth-order matching procedure, we set On the other hand, although y 3 ln(ωy/2)(y 4 ln(ωy/2)) are present for ν = 2(ν = 3)
cases, but these cannot contribute to the first-order approximation. This is so because ν = 2(ν = 3) cases contain the non-normalizable terms as 1/y(1/y 2 ), which dominate at y → 0 over y 3 ln(ωy/2)(y 4 ln(ωy/2)). These non-normalizable terms contribute to the firstorder correction of ν = 2, 3 cases (see Eq.(32)).
V. DISCUSSION
In this paper, we point out why the logarithmic correction to the cross section exists only for a minimally coupled scalar. This comes from the singular structure of ν = 1 wave that the theory is away from the conformal limit [7] . We note that the general formular (23) is derived from the two-point function O(x)O(0) in the effective string and boundary CFT approaches [12, 13] . Also, in the AdS 3 -bulk approach [10] , one does not consider the logarithmic terms to obtain the flux. However, as is shown in Eqs.(35)-(37), the logarithmic terms always appear in the next-leading orders. By counting of these terms appropriately,
we find the origin of logarithmic correction to the greybody factor in the low temperature limit.
In conclusion, the logarithmic corrections to the absorption cross section in (D3-brane, D1-D5 brane) black holes arise solely from the non-trivial AdS nature in the near horizon.
